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Buckling of Imperfect, Anisotropic, Ring-Stiffened Cylinders
Under Combined Loads
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The objective of this study is to develop an analysis to predict buckling loads of ring-stiffened anisotropic cylin-
ders subject to axial compression, torsion, and internal pressure. This structure is modeled as a branched shell. A
nonlinear axisymmetric prebuckling equilibrium state is assumed which is amenable to an exact solution within
each branch. Axisymmetric geometric imperfections are included. Buckling displacements are represented by a
Fourier series in the circumferential coordinate and the finite-element method in the axial coordinate. Applica-
tion of the Trefftz criterion to the second variation of the total potential energy leads to a nonlinear eigenvalue
problem for the buckling load and mode. Results are presented for both unstiffened and ring-stiffened cylinders
in the form of buckling interaction diagrams. Imperfections can cause an unexpected buckling mode in the ring
web which would not occur for the perfect structure, and pressurization diminishes the benefit of adding rings to
the unstiffened shell to increase the buckling load. The implementation of the analysis methodology into a struc-
tural sizing algorithm is discussed.

Introduction

THE ring-stiffened cylindrical shell is an important structural
component having applications which range from submarines

to missiles. It has been demonstrated that the neglect of nonlinear
prebuckling effects in the buckling analysis of cylindrical shells
can result in significantly nonconservative estimates of the true
buckling load of the structure. Koiter,1 Stein,2 and Almroth,3 after
studying the stability of unstiffened isotropic cylinders subjected
to uniform axial compression, indicated that including the effects
of initial imperfections and precisely satisfying the boundary con-
ditions in the structural analysis was essential. Furthermore, the
work of Koiter and Almroth indicated that reasonable buckling
load estimates could be obtained by assuming an axisymmetric
prebuckling response. Using a single term axisymmetric imperfec-
tion (first proposed by Koiter1), Tennyson et al.4 showed that the
technique of calculating buckling loads from a nonlinear axisym-
metric prebuckled state formed a rational basis for the design of
isotropic cylinders subject to axial compression. Simitses5 de-
scribes the results of a study that provided analytical and experi-
mental justification for the use of simple axisymmetric imperfec-
tion shapes, rather than the more complex asymmetric shapes, in
calculating imperfect cylinder buckling loads. The work of Koiter,
Stein, Almroth, and Tennyson et al. on isotropic cylinders was ex-
tended to anisotropic cylinders by Tennyson et al.6 and Jones and
Hennemann.7 Their results indicate that the influence of nonlinear
prebuckling effects on the buckling load depend on the stacking
sequence of the shell wall. Booton8 studied the buckling of imper-
fect, anisotropic cylindrical shells subject to combined axial corn-
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pression, torsion, and pressure loadings using the axisymmetric
prebuckling analysis of Tennyson et al.6 Booton's work included
experimentally determined buckling loads which correlated ex-
tremely well with those from his analysis.

Another issue affecting the analysis of ring-stiffened cylinders
is the modeling of the rings themselves. One common practice is to
smear the curved beam properties of the ring stiffeners into an
equivalent orthotropic shell layer. As early as 1947, van der Neut9

indicated that analyzing the resulting structure as an unstiffened,
orthotropic shell could result in substantial errors in the calculation
of the true buckling load. Much past work (Stein et al.,10 Block,11

and Haftka and Singer12) has been based on analytical models hav-
ing discrete, curved beam members with properties concentrated at
the beam centroid located some distance from the midplane of the
shell wall. However, Bushnell13 indicated that modeling the ring-
stiffened cylinder as a branched shell is warranted in some cases.
Such branched shell models are particularly important when opti-
mum design configurations are sought as failure of such configura-
tions may be sensitive to structural details not normally accounted
for in the model. This necessitates treating the ring webs as annular
plates. Uthgenannt and Brand14 and Ramaiah15 have studied the
buckling of orthotropic annular plates under uniform edge com-
pression. These and other studies generally indicate that annular
plates with high radial depth-to-thickness (bit) ratios tend to
buckle axisymmetrically, as do circular plates. However, as the bit
ratio is reduced the annular plate buckles into a generally asym-
metric mode.

Objective
Many general-purpose codes [e.g., structural analysis of general

shells (STAGS16)] allow the user to perform stability analyses of
branched shells including nonlinear prebuckling effects; however,
they may not be practical for use in an iterative structural sizing al-
gorithm. These codes solve the equations governing both the preb-
uckling response and the stability of the structure numerically,
eliminating any efficiency that the use of exact solutions to these
equations may add to the analysis. Furthermore, as was the case in
the present study, access to such general-purpose codes is limited.
The purpose of the present study is to develop a rational structural
analysis capability to estimate the buckling loads and mode shapes
of imperfect, anisotropic, ring-stiffened cylindrical shells subject
to axisymmetric combinations of axial compression, torsion, and
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pressure. The analysis includes the effects of nonlinear prebuck-
ling deformations in the shell wall and is based on a branched shell
analytical model. Furthermore, by including exact solutions to
governing equations wherever possible, the analysis is developed
specifically for implementation into a structural sizing algorithm
to be used to tailor ring-stiffened shells to meet the requirements of
a specific design situation.

Analysis
The cylindrical shell and ring attachment flanges are modeled as

thin cylindrical shell segments. The ring webs are modeled as thin
annular plates made of layers of material monoclinic with respect
to the plane of the plate defined in a cylindrical coordinate system.
Rings in the form of inverted "T's" are considered. The equations
governing the response of the cylindrical shell are based on the as-
sumptions of Donnell-Mushtari-Vlasov, which generate accurate
results for buckling modes with a high number of circumferential
waves that generally form the buckled mode shapes of these struc-
tures (see, for example, Simitses et al.17). The equations governing
the response of the ring webs are based on the moderate rotation
theory of von Karman. In all cases linear elastic material behavior
is assumed and the effects of transverse shear deformation are ne-
glected. The shell boundary conditions are assumed to be clamped
at the cylinder ends and free at the inboard edge of each ring web.

Governing Equations
To present a single set of governing equations that can be spe-

cialized to either a cylindrical shell or an annular plate, the follow-
ing governing equations are written for the conical shell segment
shown in Fig. 1. In this figure, ^, £2» and ^3 are me axial, circum-
ferential, and normal coordinates, respectively, R is the radius to
the origin of the coordinate system, (]) is the cone angle and u\, u2,
and M3 are displacements in the £b ^2

 and £3 directions, respec-
tively. The initial end of the segment is located at ̂  = £,[ and the
final end is located at ̂  = ^\+ 1.

Strain-Displacement Equations
The strain-displacement equations for the shell shown in Fig. 1

are given by

= e° (1)

2£12 = U2, Sin

(2R sin < = y°12 (2)

~(u\ ) - w ° cos < ^ /r)2

- (sin <|>/r)«5 * ] = £2

where

r = R —

(3)

(4)

and EIJ and Ktj are strains and curvatures in the ij coordinate direc-
tions, the superscript ° indicates quantities evaluated at the refer-
ence surface of the shell and commas are used to indicate differen-
tiation.

Axis of
Revolution

Fig. 1 Typical conical shell segment.

nated plate theory (CLPT) (see Jones18), these equations have the
familiar form

[A] [B] I [ {£'}
[Bf [D]

(5)

where [A], [B], and [D] are the membrane, membrane-bending
coupling, and bending stiffness matrices, respectively. It is some-
times useful to express Eq. (5) in its semi-inverted form

[A'] {N}
{K}

where

(6)

(V)

(8)

Equilibrium Equations
The equilibrium equations for the shell shown in Fig. 1 are

Nllt ^ + (R/r)Nl2t ^ -(Nu -N22) sin <|)/r = 0 (10)

N12^ + (Rlr)N22^ -2N12 sin <|>/r = 0 (11)

Nn[(- sin +N22[(- cos

Constitutive Equations
A ramification of Donnell-Mushtari-Vlasov shallow shell the-

ory is that the integrated stress-strain equations for the shell have
the same form as those for a flat plate. Based on classical lami-

- (2 sin ty/r)Mn^ + (sin c

+ (R/r)2M22^ ^2 - (2R sin c|)/r2)M12> ̂  = 0 (12)
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must be specified where

P , N. (Ib.) Vl = Mn ^ [1 - ( + 2M12

T, N.-M.
(Ib. - in.) p , Pa (psi)

Axis of Revolution

,F/2
M
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—— J —— 1• I
L / 3 L / 3 L / 3

b)

Fig. 2 Ring-stiffened cylindrical shell geometry and applied loads: a)
ring-stiffened cylindrical shell under combined loads and b) shell wall
profile.

where the Ntj and Mtj are stress resultants and stress couples in the
ij coordinate directions, r is defined in Eq. (4), and commas are
used to indicate differentiation.

Compatibility Equation
The equation governing the deformation compatibility of the

shell shown in Fig. 1 is

- (/?/r)28°n> ̂  - (sin <|>/r)e0
llt ̂  + (2 sin (|)/r)£°2) ̂

= (cos (|)/r) u°3 ̂  - [(R/r) u°3 ̂ ]2

- (sin (|)/r) u°3} ̂  u\ ̂  - (2R2 sin (^/r3) u°3 ^ u°3

sin (13)

where the ejy are strains in the ij coordinate direction evaluated at
the middle surface of the shell, u°3 is the middle surface displace-
ment in the £3 coordinate direction, r is defined in Eq. (4), and
commas are used to indicate differentiation.

Boundary Conditions
At ̂  = £1 and ̂  = Q**, either

(14)

(15)

u°3 or Vl (16)

3 p or Mn[l -(£i/#)sin (|)] (17)

(M22-Mn)sin<|)//? (18)

Cylindrical Shell Prebuckling Solution
Because it is assumed that the prebuckling equilibrium configu-

ration exhibits an axisymmetric response, derivatives with respect
to £2

 m me governing equations are zero. For a cylindrical shell
segment (<|) = 0) it is assumed that the shell wall contains a known
axisymmetric geometric imperfection, «° = and that all
displacements are measured with respect to this imperfect surface.
Hence, the radial displacement u°3, appearing in the governing
equations of the cylindrical segment, must be replaced by u°3
+ ^o(£i)- The form of ̂ 0(^) is (see Tennyson et al.6)

COS

where

CD=

(19)

(20)

For the cylindrical shell segment, the equilibrium and compatibil-
ity equations reduce to a single, nonhomogeneous, fourth-order
linear ordinary differential equation with constant coefficients that
can be solved exactly [see Eq. (2.6.3) in Ref. 8]. The solution de-
scribes a nonlinear relationship between load and radial deforma-
tion. A detailed development of this equation and its solution can
be found in the report by Booton.8

Annular Plate Prebuckling Solution
The equations governing the axisymmetric response of the pre-

buckled ring web (assumed free of imperfections) can be derived
by setting ty = 90 deg and (),^2 = 0 in Eqs. (1-18). Unfortunately
the resulting axisymmetric governing equations are not linear dif-
ferential equations that can be solved exactly as they are in the
case of the cylindrical shell. Therefore, a linear prebuckling solu-
tion for the annular plate is assumed to be valid. Ignoring prebuck-
ling nonlinearities might be acceptable for the rings as it is likely
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Fig. 3 Unstiffened cylinder buckling interaction diagram.
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that the combination of the radial membrane resultant in the annu-
lar plate and flexural rotations, which form the dominant nonlinear
terms, would be small considering that the inboard edge of the an-
nular plate is free and that the axial compression and torsional
loadings in the shell act normal to the outboard edge of the annular
plate. Using Fourier transforms, Padovan19 presented solutions to
the linear equations governing the bending of such plates subject
to generally asymmetric loads; however, it can be shown that the
axisymmetric problem admits exact solutions regardless of the
stacking sequence of the plate. For the case of an annular plate
with a free inner edge and no loading normal to the plate, the lin-
ear, axisymmetric equilibrium, and compatibility equations be-
come a coupled system of two homogenous, second-order ordinary
differential equations with constant coefficients. These equations

(B*2l/R2 (B*22 - B'21 -B\,)/ (R2r) ] Q,f

= 0 (21)

3
su
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Fig. 5 Effect of adding rings to unpressurized, perfect cylinder.

~(B*l2R2/?2)x = 0 (22)

where the A*J9 B*J9 and D*tj are the ij elements of the [A*], [£*],
and [D*] matrices appearing in Eq. (6),

and x is a stress function such that

Nn = and N22 =

(23)

(24)

where (), - indicates differentiation with respect to f .
Equations (21) and (22) can be solved using the method of elim-

ination (see Boyce and DiPrima20). The form of the solutions is
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Fig. 4 Ring-stiffened cylinder buckling interaction diagram.

similar to that of the solutions for the cylindrical shell. For annular
plates made of symmetric laminates, the equations uncouple be-
cause [B*] = 0. This will be the only configuration considered in
this study. In this case, Eqs. (21) and (22) have the solutions

(25)

where the Ct are constants of integration.

Evaluation of Constants of Integration
The solutions to the governing equations for both the cylindrical

shell and the annular plate segments require the determination of
four constants of integration in each segment. These constants are
found by enforcing clamped boundary conditions at the ends of the
cylinder, free boundary conditions at the inboard edges of the
web(s), and deformation compatibility and equilibrium at each
junction where segments are connected using Eqs. (14-18). En-
forcement of these conditions results in a system of linear alge-
braic equations of the form

(26)

where [C] is the vector of constants of integration of all the vari-
ous segments. It was discovered that using solutions to Eq. (2.6.3)
of Ref. 8, written in terms of hyperbolic sines and cosines results
in a singular [H] matrix for cylinders with length-to-radius (L/R)
ratios greater than about 2. The matrix [H] becomes singular be-
cause for large arguments these functions become numerically
equal, causing a linear dependence among the four terms of the ho-
mogeneous solution to the governing equation. This difficulty was
overcome by writing the solution in the form of exponentially
modulated harmonic functions.

Buckling
The total potential for the (imperfect) conical shell segment of

Fig. 1 can be written as

n-wUJ« sin
1Aload

(27)
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Fig. 6 Effect of adding rings to unpressurized, imperfect cylinder.

where {o} is the 3 X 1 stress vector, {e} is the total strain vector,
nload is the potential of the applied loads, and {e^} is a 3 X 1 vec-
tor of initial strains arising from the initial geometric imperfection
(assuming that the unloaded, imperfect structure is stress-free). For
the assumed perfect annular plate (sin (|) = 1), these terms are all
zero. For the imperfect cylindrical shell (sin § = 0), the form of
{£^} can be found by substituting u\ = u°2 = 0 and u°3 = W0(^)
[Eq. (19)] into Eqs. (1-4). To determine the form of the total strain
vector {e}, it is necessary to replace u°3 in these equations with u°3
+ W0(^i) as radial displacements are assumed to be measured with
respect to the imperfect shell middle surface. For the annular plate,
the form of {e} is given by Eqs. (1-4) with sin <|) = 1. Using the ap-
propriate form of {e - ep], Eq. (27) can then be integrated with re-
spect to £3, yielding

n - HI
(28)

Substituting Eq. (5) into Eq. (28), II becomes a function of
M°ifti»^2)» "2^1 &)» and "3(^1^2) onlY- Computation of the sec-
ond variation of II and application of Trefftz criterion then results
in a set of three equations governing the stability of the axisym-
metric prebuckled equilibrium configuration of the shell segment.
The stability equations are linear, homogeneous, partial differen-
tial equations with variable coefficients that are difficult to solve in
closed form; hence, a numerical method must be used to solve
them. The method chosen for this study is the finite element
method.

The method begins by adding together the contribution to II
from each structural segment. The resulting s.um is the total poten-
tial energy for the entire structure. Next, the first variation (511)
and second variation (82I1) of II are formed with the buckling dis-
placements, Hp u'2, and H3 as the primary unknowns and the ap-
plied load as a parameter. Given some initial loading P° (axial
compression), T° (torsion), and p° (lateral pressure), it is assumed
that the structure is loaded to buckling so that P° and T° retain their
original proportion and p°remains constant. In other words, the
combined loading is defined by the constant pressure p°, and a
load parameter X where

Because the primary unknowns must be periodic functions of the
circumferential coordinate £2» the buckling modes are written as

2

cos (30)

where n is the number of buckled waves in the circumferential di-
rection and the /H^J) are modal amplitudes. Equation (30) is then
substituted into 82I1. Because the prebuckling stresses and defor-
mations are functions of ̂  only, integration with respect to £2 can
be performed readily, leaving 52II = 52n(^). The domain of each
structural segment is then divided into finite elements over which
simple polynomial forms (interpolation functions) are assumed for
the iii'j where / = 1,2 and;' = 1,2,3. Substituting the appropriate set
of interpolation functions into the second variation of the total po-
tential for a single finite-element (52IP) integration can be per-
formed with respect to ̂  yielding

= [We}T [Ke(n)]{We] + {We}T[Ke
G(n-fk)}{We}

62nf (31)

Where { W e ] are buckling displacements and rotations at the nodes
associated with element e, [Ke(n)] and [Ke

G (rr,K)] are the stiffness
and geometric stiffness matrices associated with element e, and
52n*oad contains terms associated with the boundary conditions at
the nodes of this element. Using these boundary conditions (which
arise automatically out of the variational formulation), the elemen-
tal matrices can be assembled to eliminate the 82n^oad resulting in
the finite-element model of the second variation of the total poten-
tial of the entire structure

= {W}T[K(n)]{W} + [W}T[KG(n-,

PQ
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Both [K] and [KG] are symmetric and [K] is positive definite. For a
specified value of «, if X is chosen so that the prebuckled equilib-
rium configuration is stable, then [K + KG] must be positive defi-
nite. To find critical values of X (Xc/?) for the given value of n,
Trefftz criterion is applied to Eq. (32) yielding

={0} (33)

Because [KG] is a nonlinear function of K, Eq. (33) is not a stan-
dard linear eigenvalue problem. This complicates the determina-
tion of X^-fl. Finding kCR by plotting the determinant of [K + KG]
with respect to X to find where it is zero is impractical as buckling
eigenvalues corresponding to many different mode shapes tend to
be very closely spaced for shell problems. In fact, it has been ob-
served using the present analysis and confirmed using STAGS16

that all of the eigenvalues are repeated once. Repeated eigenvalues
result in the determinant of [K + KG] reaching zero when X = KCR,
but not changing sign when K > Xc/?, making an automated search
for Xc/? even more difficult. To avoid the problems associated with
determinant plotting, Newton's method is applied to Eq. (33) [see
Eq. (3) of Ref. 21] necessitating solution of a sequence of linear al-
gebraic eigenvalue problems of the form

= {0} (34)

where (') indicates differentiation with respect to X. AX is a correc-
tion to X', the current estimate of Xc#, which approaches zero as X
approaches X^. To insure that X' < Xc/? after each iteration, only a
fraction of AX should be added. In other words

X f+1 = X' + rAX (35)

where 0 < r < 1 (see Sun22). It has been observed that r = 0.5 is
usually adequate to insure that X'+1 does not exceed KCR. When
X/+1 is close to X* to within a specified tolerance, the iterations
stop. At this point X* = Xc/? and the {W} found from the last solu-
tion of Eq. (34) along with Eq. (30) define the related mode shape.
The smallest Xc/?, along with its corresponding mode shape, found
over all values of «, is the buckling load and buckled mode shape
of the structure.

Ring 2
Location

Cylinder
Ringl
Location

Ring Webs

Fig. 8 Case A buckling mode shape for imperfect ring-stiffened cylin-
der.

Ring 2
Location

Cylinder
Ringl
Location

Ring Webs

Fig. 9 Case A buckling mode shape for perfect ring-stiffened cylinder.

Results and Discussion
The formulation described herein has two main advantages over

the mixed stress/displacement formulation employed by, for exam-
ple, Sun.22 First, if X' < XC7? in Eq. (34) then [K(n) + KG(n\ X') ] is
positive definite and all the resulting AX are real. The mixed for-
mulation results in generally complex values of AX. Second, many
efficient algorithms exist to solve Eq. (34) when all the AX's are
real while a more general—and time-consuming—algorithm must
be used when complex values of AX exist. A single prebuckling
analysis for each cylinder considered in the present study required
less than one cpu second on a Convex mainframe computer while
a comparable nonlinear, finite-element analysis using STAGS16

required several minutes. However, solution of the buckling prob-
lem, Eq. (34), still tends to be computationally expensive. A more
efficient method of evaluating buckling constraints is needed be-
fore the algorithm can be incorporated into a structural sizing code.
This more efficient method will be the topic of a future paper.

For the cylindrical shell depicted in Figs. 2a and 2b, buckling
loads were generated for several combinations of axial compres-
sion (F), torsion (T), and internal pressure (p). The corresponding
unstiffened cylindrical shell was also considered for comparison.
In all cases, the cylinder length (L) was 152.4 cm (60.0 in.), the
cylinder radius was 45.92 cm (18.08 in.) and the shell wall was as-
sumed to be a [-454/454/904/04]s laminate of graphite-epoxy
prepreg tape having material properties Ev = 127.5 GPa (18.5
Msi), E2 = 11.31 GPa (1.64 Msi), G12 = 6.00 GPa (0.87 Msi), v12 =
0.30, and fply (thickness of one ply) = 0.0127 cm (0.005 in.). For
the ring-stiffened cases (see Fig. 2b), the flange length (LF) was
5.08 cm (2.0 in.), the web height (Hw) was 12.7 cm (5.0 in.), and
the flanges, webs, and cylinder end tabs (having length LF/2) were
all assumed to be made of a [45/0/45]T laminate of graphite-epoxy
woven cloth material having properties El = E2 = 69.84 GPa
(10.13 Msi), G12 = 6.00 GPa (0.87 Msi), v12 = 0.049, and tply =
0.0356 cm (0.014 in.).

The buckling interaction diagram for perfect and imperfect un-
stiffened shells with and without pressure is shown in Fig. 3. For
the two unpressurized cases, results were also generated using the
analysis code published in the report by Booton.8 The pressurized
case was not analyzed using Booton's code because it does not
have the capability of computing buckling loads of cylinders
loaded with constant pressure. The results, identified as Ref. 8 in
Fig. 3, match the corresponding results generated using the present
analysis very well. The arrows in Fig. 3 indicate percent changes
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in the buckling load of proportional load cases having the same
ratio of NX/NXY, moving from the base of the arrow to the tip. As
can be seen in the figure, the presence of an initial imperfection in
the unpressurized shell having a maximum amplitude equal to
25% of the total shell thickness (ts) results in a 54% drop in buck-
ling load under pure compression but only a maximum 3.5% drop
under pure torsion. The addition of a 0.41 MPa (60.0 psi) internal
pressure to the imperfect shell then raises the torsional buckling
load a maximum of 110%; however, it raises the axial compression
buckling load by only 22%.

The buckling interaction diagram for the ring-stiffened shell
(see Fig. 2b) for four cases of pressure and imperfection combina-
tions is shown in Fig. 4. Three of the four buckling loci in Fig. 4
correspond to those shown for the unstiffened shell in Fig. 3 (the
pressurized, perfect case was added to provide a theoretical upper
bound interaction curve). For the unpressurized shell under pure
torsion, the presence of the imperfection causes at most a 1% de-
crease in the buckling load as compared to that of the perfect struc-
ture; the addition of internal pressure raises the buckling load of
the imperfect structure by 48%. Under pure compression, imper-
fections account for a 68% drop in buckling load compared to the
perfect structure; the addition of pressure then raises this buckling
load by 77%. Note that in the unstiffened shell, internal pressure
was more effective in raising the buckling load under pure torsion
than under pure compression, whereas in the stiffened shell the op-
posite is true. This difference in the effect of internal pressure on
the buckling load of the unstiffened cylinder vs the ring-stiffened
cylinder can be explained using Figs. 5-7 which show the effect on
the buckling load of adding ring stiffeners to the unstiffened shell.
In these figures, proportional load cases with the same NX/NXY
ratio are linked by arrows pointing from the critical combination of
Nx and NXY at the buckling of the unstiffened shell to the corre-
sponding combination for the stiffened shell.

For the perfect, unpressurized cylinders (Fig. 5) adding rings
produced up to an 85% increase in the torsional buckling load but
virtually no increase in the axial compression buckling load. Rings
are much more effective in resisting the formation of the long,
skewed waveforms associated with torsional buckling than the
shorter, less-skewed waveforms associated with axial compression
buckling. For the unpressurized, imperfect cylinder (Fig. 6), the re-
sults are nearly the same as the perfect cylinder in the case of pure
torsion; however, under pure compression the ring-stiffened cylin-
der buckles at a load below that of the corresponding unstiffened
cylinder. This lower buckling load can be explained by comparing
plots of the buckling mode shapes of the imperfect and perfect cyl-
inders for a single proportional load case. This load case is labeled
case A in Figs. 5-7 and the mode shapes appear in Figs. 8 and 9.

The buckling mode shapes of the cylindrical shell and ring webs
show that the ring webs of the imperfect cylinder (see Fig. 8)
buckle without any participation from the cylindrical shell in the
mode while the perfect cylinder (see Fig. 9) buckles in the panel
length between the rings. The radial Poisson expansion of the per-
fect, ring-stiffened cylinder results in the ring webs being stabi-
lized by hoop tension loading; however, in the imperfect shell this
is not necessarily true. Plots of prebuckling radial displacement of
both the perfect and imperfect unpressurized ring-stiffened cylin-
ders depicted in Fig. 2b are shown in Fig. 10 for loading case A.
For the perfect cylinder, the prebuckling radial displacement is
positive everywhere; however, the imperfect shell wall exhibits re-
gions where the net displacement is directed radially inward. The
inward displacement is due to the nonlinear coupling of the axial
compression load with the geometric imperfection where this irff-
perfection is directed radially inward. Two of these regions are ad-
jacent to the area where the ring attaches to the shell. Hence, the
ring webs become loaded in hoop compression which is a destabi-
lizing load. Because the webs are long and thin (the most likely
configuration predicted by an optimum sizing code based on the
analysis of the perfect structure), the hoop compression load
causes them to buckle prematurely. Referring to Figs. 6 and 7, note
that for cases where the addition of rings raises the buckling loads
in both figures, the amount of increase exhibited by the pressurized
cylinder was substantially smaller than that exhibited by the un-
pressurized cylinder.

Concluding Remarks
The results show that use of a geometrically nonlinear prebuck-

ling analysis accounting for the presence of geometric imperfec-
tions can uncover buckling modes that cannot be predicted by a
geometrically linear analysis of the perfect structure. These buck-
ling modes provide some justification for use of more detailed
mathematical models in the analysis of stiffened shell structures,
particularly when that analysis forms the basis of an optimal sizing
algorithm. The results also show that the relative benefit of adding
stiffening rings to an unstiffened cylindrical shell is sensitive to the
particular combination of axial compression, torsion, and pressure
loading that the structure must withstand. This sensitivity indicates
that numerical optimization techniques may be useful in sizing the
various structural elements of the ring-stiffened cylinder to pro-
duce a minimum weight design that is capable of withstanding a
specific set of loads.
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